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CLOSURES OF CONJUGACY CLASSES IN
CLASSICAL REAL LINEAR LIE GROUPS. II!
BY
DRAGOMIR Z. DJOKOVIC

ABSTRACT. By a classical group we mean one of the groups GL,(R), GL,(C),
GL,(H), U(p, q), 0(C), O(p, q), SO*(2n), Sp,,(C). Spy,(R), or Sp(p, q). Let G
be a classical group and L its Lie algebra. For each x € L we determine the closure
of the orbit G - x (for the adjoint action of G on L). The problem is first reduced to
the case when x is nilpotent. By using the exponential map we also determine the
closures of conjugacy classes of G.

0. Introduction. Let G be a classical real linear Lie group (see §1 for precise
definition) and L its Lie algebra. There are ten infinite series of such groups and we
use index j (1 <j < 10) to label these series. G acts on L via the adjoint representation
and on itself by conjugation. The classification of orbits of G in L and the
classification of conjugacy classes of G are now well known; see for instance [1] and
the references mentioned there. In this paper we determine the closure of an
arbitrary orbit O and the closure of an arbitrary conjugacy class C. (The topological
terms refer to the ordinary topology of G and L.)

For complex groups this problem was solved by M. Gerstenhaber [5,6]. An
independent proof for complex special linear groups was given by J. Dixmier [2],
and for complex orthogonal and symplectic groups by W. Hesselink [7] and the
author [3]. In fact the results of Gerstenhaber and Hesselink are more general since
they consider classical groups over any algebraically closed field.

In our previous paper [4] on the same subject we have announced the main result
of the present paper. For the sake of convenience we repeat all the necessary
definitions so that the reader does not need to consult [4] except for the proofs of
Theorem 1 (§2), Theorem 2 (§3), and the necessity part of Theorem 5 (§7).

The two problems, closures of orbits and closures of conjugacy classes, are closely
related. We give a full treatment to the first problem while the second is treated in a
cavalier fashion in §13. In this introduction we shall comment only on the first
problem.

In §2 we state the Centralizer Theorem (Theorem 1) which asserts that the
centralizer C;(x) in G of a semisimple element x € L is a direct product of classical
groups. The direct factors of C;(x) may belong to different series of classical groups.
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218 D. Z. DJOKOVIC

Each factor is associated with an eigenvalue of x and the type of a factor is uniquely
determined by the type of G and the corresponding eigenvalue of x (see Table III).
This theorem provides justification and motivation for our definition of classical
groups given in §1.

In §3 we show that our problem can be reduced to the case of nilpotent orbits.
(An orbit of G in L is nilpotent if it consists of nilpotent elements.) The reduction is
based on Theorem 2 for whose proof we refer to our paper [4]. Let x € L and let
x = x, + x, be its Jordan decomposition. (This means that x,x, € L, x, is
semisimple, x,, is nilpotent, and [x,, x,] = 0.) Theorem 2 asserts that if y belongs to
the closure of the orbit G - x then there exists an element z in the closure of the orbit
Ci(x,) - x, such that x, + z € G - y. Hence we can determine the closure of G - x
provided we know how to find the closure of the orbit of x, under the group C;(x,).
Since [x,, x,] =0, the element x, belongs to the Lie algebra of C;(x,). The
reduction is completed now by invoking the Centralizer Theorem. Note that if we
start with the classical group G of type j (i.e. belonging to the jth series) our
reduction requires us to consider the direct factors of C;(x,) which may be of
different type. For this reason all the classical groups should be treated
simultaneously. We have not done so only in order to save space and to avoid
duplication of the cases already treated in the literature. Hence in the very short §4
we dismiss the casesj = 1,2,3,5 and 8.

In §5 we recall the definition of types for classical Lie algebras introduced by N.
Bourgoyne and R. Cushman [1]. We restrict ourselves to the cases j = 4,6,7,9, 10
and the nilpotent types. Let V' be a vector space and f a form which defines the
classical group G of the jth series (see §1). A type A is an equivalence class of triples
(V, f, x) where x € L. Each type A can be written as a sum of indecomposable types
and such a decomposition is unique. For details about types A and their properties
we refer the reader to [1]. For each indecomposable nilpotent type we give a
representative (V, f, x). This is done mainly because our notation for polarized
types A" differs from the notation in [1] and we wanted to avoid possible confusion.
The types A, and 4, which differ only in the superscript = can be distinguished by
inequalities (5.3)-(5.5). Their importance in the rest of the paper cannot be
overestimated.

In §6 we introduce combinatorial gadgets called chromosomes. They consist of
genes which may be polarized or nonpolarized. In fact the set of chromosomes is a
free commutative monoid on the set of genes. To each chromosome X we assign its
rank r( X) = n and its signature sig X = ( p, ¢) where p and g are either integers or
half-integers such that p =0, ¢=0 and p + ¢ = n. A submonoid of the set of
chromosomes is called a variety. To each series of classical groups we assign a
specific variety, say @, to the jth series (see Table IV in §5). We also define a partial
order < in each of the varieties ®,.

In §7 we establish (Lemma 4) a bijection between the nilpotent orbits of the
classical group G of the jth series defined by (V, f) and the set of chromosomes X in
@, such that sig X = sig(f). (See §1 for the definition of sig(f).) In the sequel we
use the chromosomes as convenient labels which parametrize the nilpotent orbits.
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We also state here our main result (Theorem 5). It says that a nilpotent orbit O, is
contained in the closure of the nilpotent orbit O, iff their corresponding chromosomes
X(9,) and X(0,) satisfy the inequality X(0,) < X(0,). This latter inequality refers
to the partial order in ®; defined in §6. In Example 2 we illustrate the main theorem
when G = Sp(2,2) (j =10, sig(f) =(2,2)). The necessity of the condition
X(0,) < X(0,) was proved in [7] and we do not repeat the proof. The remainder of
the paper is in essence the proof of the sufficiency of the above condition. It should
be clear that this proof has to be based on the knowledge of the partial order < in
®,. (This is true in all the cases considered so far in the literature.)

In §8 we describe simple transformations of chromosomes of ®;, say X — Y, such
that X < Y and sig X = sigY. We call these simple transformations mutations of
chromosomes. When j = 4 they are given by formulas (8.1)—(8.3), for j = 7,10 by
(8.4)-(8.8), and for j = 6,9 by (8.9)-(8.17). Then we state our main theorem about
partial orders < in ®; (Theorem 6). It says that if X <Y in @, then there exists a
chain of ®-mutations X, - X; » --- = X, (m=>0)such that X = X,and Y = X
This theorem enables us to reduce the proof of Theorem 5 to a finite number of
cases.

The proof of (the sufficiency part of) Theorem 5 occupies §§9-12. §9 is of a
preliminary nature. §10 treats the case j = 4 in detail. In §11 we treat the cases
Jj = 7,10 by reducing them to the case j = 4. In §12 we treat the remaining two cases
j = 6,9. While in the case j = 4 we have included all necessary computations we
have not done this in the cases j = 6,9 in order to keep §12 of reasonable size.

As mentioned earlier §13 deals with the problem of closures of conjugacy classes
of G. We show that the problem can be reduced to the case of unipotent conjugacy
classes and then the exponential map does the job.

The remaining §§14-17 are devoted to the proof of Theorem 6 (see §8). §14 is of a
preliminary nature. §15 deals with the case j = 4, §16 with the cases j = 7, 10, and
§17 with the casesj = 6, 9.

We use this occasion to correct several misprints in our previous paper [4]. The
formula (12.3) should read:

g(m)+g (n)-g (m=1)+g(n+1), m<n.

In §9 in the description of the representative (V, f, x) of 4&%,(0,0), m odd, j = 7 one
should have f(e,, e,) = —ie§,, , ,, where i = y~1. Finally on p. 8 line 8 one should
replace x € L by x € G.

1. Classical groups. Let V' be a (right) F-vector space where F = R, C, or H and let
dimg V' = n < 0. (By H we denote the division algebra of real quaternions.) If f:
V' XV - F is a nondegenerate hermitian form (including the case of symmetric
forms if F=R) then we define the signature of f to be the ordered pair
sig(f) = (n, ,n_) where n, (resp. n_) is the maximum dimension (over F) of a
positive (resp. negative) definite subspace of V. Thusn, +n_= n.

When f is a nondegenerate skew-hermitian form (including the case of
skew-symmetric forms if F = R) then we set sig(f) = (n/2, n/2).
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The words classical group will have a technical meaning which we now define.
There are ten infinite series of classical groups and we use index j (1 <j < 10) to
refer to them. The first three series are the general linear groups

GL(V) = GL,(F)

where F = Cforj=1,F = Rforj = 2,and F = H forj = 3.

For the remaining seven series V' is equipped with a nondegenerate form f:
VX ¥V - F and the corresponding classical group G is the subgroup of GL(V)
which preserves f. The type of the form f is specified in Table I for each of these
series.

J F G f sig(f)

4 C Uk, n — k) hermitian (k,n— k)
S C 0,(0) symmetric

6 R O(k,n — k) ‘symmetric (k,n— k)
7 H 0*(2n) skew-hermitian (n/2,n/2)
8 C Sp,.(C) skew-symmetric

9 R Sp,,(R) skew-symmetric (n, n)
10 H Sp(k,n — k) hermitian (k.n—k)

TaBLE |

Note that, according to our definition, the groups SL,(C), SL,(R), SO,(C),
SO(k,n — k), SU(k, n — k), SL,(H) are not classical.

2. The centralizer theorem. From now on G will denote a classical group belonging
to the jth series, L its Lie algebra, and Ad: G — Aut(L) the adjoint representation of
G. For a € G and x € L we shall write a-x instead of Ad(a)(x). Thus
G- x={a-x: a € G} is the G-orbit in L containing x. The centralizer C;(x) of
x € L in G is the subgroup of G consisting of all elements a such that a - x = x. In
this section we describe the structure of C,;(x) for semisimple x. It turns out that this
centralizer is a (finite) direct product of classical groups.

If 1 <j <3 we identify L with the Lie algebra of all F-linear transformations of
V. 1f 4 <j < 10 then we identify L with the Lie algebra of all F-linear transformations
x of ¥ which satisfy f(x(v,), v,) + f(v,, x(v,)) =0 forallv,, v, € V.

Let x € L be arbitrary. If F = C we define for { € C the subspace V({, x) of V' to
be

V(¢ x) = Ker(x — )%,

i.e., it is the kernel of (x — {)* for large k, say kK = n. If F = R of H we define for
¢ € C the subspace V(§, x) of V' by

0

(¢, x) = Ker(x> = 2Re({)x + [{*)
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We say that { € C is an eigenvalue of x € L if V({, x) # 0.

It is well known that for j € {5,6} we have V({, x) L V({', x)if { + {" # 0, and
forj € {4,6,7,9,10} we have V(§, x) L V({’, x) if { + ¢’ # 0. (The orthogonality is
with respect to the form f.)

This suggests that we introduce the following definition:

V(¢, x) forj € {1,2,3},
V'(¢, x) =1 V(¢ x) + V(¢ x) forjE (5,8},
V(¢ x) +o(-¢, x)  forj € {4,6,7,9,10}.

Then we obtain a direct (and orthogonal if j = 4) decomposition

(2.1) v=S ¥, x).

teq,

The set @, is the subset of C specified by the conditions stated in Table II.

J 2
1 C
2,3 Im¢{=0
4 Re{=0
5,8 Im¢{>0 or (=0
6,7,9,10 Re¢(=0 and Im¢{=0
TABLE 11

For { € C let x; (resp. x;) be the restriction of x to V(, x) (resp. V'(§, x)). If
1 <j<3let G({, x) be the general linear group of the space V(§, x). f 4 << 10
let G(&, x) be the group of all F-linear automorphisms of V’({, x) which preserve the
restriction of the form f to V’(¢, x). (This restriction is clearly nondegenerate.) Thus
in all cases G(¢, x) is a classical group of the jth series. If L({, x) is the Lie algebra
of G(§, x) then x; € L(§, x). Finally let C({, x) be the centralizer of x; in G(§, x).
Since each of the subspaces V’({, x) is invariant under C;(x), we have

(2.2) C.(x)= Il c(, x).
(EQ,

THEOREM 1. Let G be a classical group of the jth series, L its Lie algebra, and x € L
a semisimple element. Then each C(§, x) in (2.2) is a classical group of kth series where
k depends only on j and §.

For the proof of this theorem we refer to [4].
The values of k are given by Table III (at present, ignore the third column).
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J § A k
all ¢ all A 1
2,3 (=¢ A=A k=j
§#¢ A#A 1

4 ¢=-¢ [A|=1 4
{# ¢ [A]# 1 ]
5<;<10 ¢=0 A= =1 k=j
58 ¢#0 TS| 1
6,7,9,10 (#=E A#EXN#EXN! 1
{=-t+#0 N =A#Ex] 4

6,9 (=¢+#0 A=A#=1 2
7,10 (=t+#0 A=A#=x1 3

TaBLE 111

3. Reduction to the nilpotent case. In this section we reduce the problem of finding
the closure of a G-orbit in L to the case of nilpotent orbits, i.e., orbits consisting of
nilpotent elements.

Every x € L has a unique Jordan decomposition x = x, + x,, where x, € L is
semisimple, x, € L is nilpotent, and [x, x,] = 0. We refer to x, (resp. x,) as the
semisimple (resp. nilpotent) component of x.

THEOREM 2. Let G be a classical group, L its Lie algebra, x and y elements of L, and
x = x, + x,, the Jordan decomposition of x. Theny €G - x iff a - y = x, + z for some
a € G and some

(3.1) z e Cy(x,) - x,.

For the proof we refer to [4].

Let @, and €, be G-orbits in L. Assume that O, C ©,, which we shall also write as
¢, < 0,. By Theorem 2 we can choose x € O, and y € 0, such thaty = x; + zand z
satisfies (3.1). Clearly, z is the nilpotent part of y, z = y,. By Theorem 1 we have

(3.2) Colx,) = C(§1, x,) X - XC(§,, x,)

where {,,...,{,, are the distinct eigenvalues of x belonging to ;.

Let Z,(x,) be the centralizer of x in L, i.e., Z,(x,) = {t € L: [z, x,] = 0}.

We denote by L({,, x,) the Lie algebra of G({, x,), and let Z({,, x,) be the
centralizer in L(§,, x,) of the restriction of x, to V'(§,, x,). It is clear that Z;(x,) is
the Lie algebra of C;(x,), and Z({,, x,) is the Lie algebra of C(§,, x,).
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It follows from (3.2) that
(33) ZL(xs) = Z(g‘l’ xx) ®--- ®Z(§m’ xs)'

= 1) + o .. + m) — () + [ + (m)
X x( x( N Z VA Z

where x(*), 20 € Z(§,, x,) for 1 <k <m.

It follows from (3.1) to (3.3) that z*) € C(§,., x,) - xP, 1 <k <m.

Thus the G-orbits in L which are contained in the closure of the orbit G - x can be
easily found provided we know which orbits of C(§,, x,) in Z({,, x,) are contained
in the closure of the orbit C({,, x,) - x(), 1 <k <n.

Since C(§,, x,) is a classical group and x{¥) € Z({,, x,) is nilpotent, we have
indeed reduced the general problem to the nilpotent case.

Note that (by assumption) G belongs to the jth series but the groups C({,, x,)
may belong to some other series of classical groups. This is the reason why we have
to consider simultaneously all classical groups.

4. The cases j = 1,2,3,5, 8. Recall that for two G-orbits O, and 0, in L we write
0,<0,if0, C0,.

The casesj € {1, 5, 8} were treated by M. Gerstenhaber [5, 6]; his results are more
general since he works over an arbitrary algebraically closed field (if j = 5,8 the
characteristic is 7 2). The case j = 1 was also dealt with by J. Dixmier [2]. The cases
Jj = 2,3 can be treated in the similar way as j = 1. The cases j = 5, 8 were studied in
a more general setting by W. Hesselink [7]. All these authors consider only nilpotent
G-orbits in L, but their results can be easily extended to arbitrary orbits. Finally the
cases j = 5,8 were also considered by the author [3] for arbitrary G-orbits in L as
well as for conjugacy classes of G. '

The result for nilpotent G-orbits in L can be stated as follows.

THEOREM 3. Let G be a classical group of jth series with j € {1,2,3,5,8}, and L its
Lie algebra. If x, y € L are nilpotent then G - x < G - y holds iff rank(x*) < rank( y*)
for all k (= 0).

5. Description of nilpotent orbits. From now on we shall assume that
Jj € {4,6,7,9,10}. For a fixed j we consider the triples (¥, f, x) where V and f are
specified by Table I and x € L, where L is the Lie algebra of the corresponding
classical group G. An equivalence class of such triples is called a type; see [1] for
precise definition. Let A be the type containing the triple (¥, f, x). There exists a
direct decomposition V=V, @ --- @V, into x-invariant nonzero nondegenerate
subspaces which are orthogonal to each other and moreover the summands V,...,V,
cannot be further decomposed in the same sense. Let x, and f, be the restrictions of
x and f, respectively, to V,. If A, is the type containing (V,, f,, x,) then we shall
write A = A, + --- +A . We say that A is indecomposable if A # 0 (i.e., dim V # 0)
and A cannot be written as a sum of two nonzero types. In general, A can be
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expressed as a sum of indecomposable types and as shown in [1] such a decomposition
is unique. If x is nilpotent we say that the type A is also nilpotent.

The nilpotent indecomposable types are listed in the second column of Table IV.
(At present ignore the last two columns of this table.)

j A X N
6 AGm(O)’ meven ge(m + 1) (2A H)
A,,,(O, 0), modd 2g(m + 1) ’
7 A,(0,0), meven g(m+ 1)
Aem(o’ 0), modd ge(m + 1) (Hs A)
9 A,,(0,0), meven 2g(m + 1) (IL.2A)
Aem(O), m Odd ge(m + 1) ’
10 A7,(0,0), meven g(m+ 1) o
Am(O’ O), modd g(m + l) ( 5 )
TABLE IV

In this table e = = and m (= 0) is an integer.

We shall now describe representative triples (V, f, x) for each of the types in this
table. We warn the reader that our designation of types A}, and A, differs from that
adopted in [1].

If j = 4 a representative of & (0) is given by:

V a complex vector space,

€g, €1,--.,€, abasisof V,

(5.1) x(e) =eni (i=V-1,0sk<m), x(e,) =0,

f a hermitian form on V,
f(e,, e,) = &, , (8, Kronecker symbol).
If j = 6, a representative of A°,(0), m even, say m = 2m’, is given by:
V a real vector space,
€gs €),...,€, abasisof V,
x(ep) = exr (0<k<m),

(52) x(e,) = €4 (m' <k<m),x(e,) =0,

f a symmetric bilinear form on V,

f(e,, es) = 88r+:,m‘

If j = 7 a representative of A°, (0, 0), m odd, is given by:
V a (right) quaternionic vector space,

€y, €),---,€, abasisof V,

x given by (5.1),

f a skew-hermitian form on V,

f(e,,e,) = —ied, .
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If j = 9 a representative of A°,(0), modd, say m = 2m’ — 1, is given by:

V a real vector space,

ey, €y,...,e, abasisof V,

x given by (5.2),

f a skew-symmetric form on V,

fle, e)=¢b, ., forr<s.

If j = 10 then a representative of A%, (0, 0), m even, is given by:

V a (right) quaternionic vector space,

€gs €},---,€, abasisof V,

x given by (5.1),

f a hermitian form on V,

fle,e)=€b,,

The nilpotent types A and A;, can be distinguished by a simple inequality.
Indeed, if (V, f, x) is one of the representatives listed above then for all v € V we
have

(5.3) (=i)"ef(v, x™(v)) =0 ifj = 4,
(5.4) i"ef(v, x™(v)) =0 ifj=6,10,
(5.5) i"ef(v, x"(v)) =0 ifj=7,9.

If j = 6 (resp. 9) a representative of A (0, 0), m odd (resp. even) is given by:
V a real vector space,
€0s---+€ps €0s---,€, abasisof V,

x(ep) = exyy (

x(er) = —err (

f1s a symmetric (resp. skew-symmetric) form on V,
f(e,, e;) = f(e;, e;) = O,f(e,, e;) = 8r+s.m'

If j = 7 then a representative of A,,(0,0) with m even has the same description as
the representative of A%, (0,0) with m odd. (The choice of ¢ = *is not important
since both represent the same type.) Similarly, if j = 10 then a representative of
A,(0,0) with m odd has the same description as the representative of A, (0, 0) with m
even.

6. Chromosomes. In order to state our results about closures of nilpotent orbits we
need certain combinatorial gadgets which we call chromosomes. Roughly speaking
they are Young diagrams some of whose rows are filled with
alternating + and — signs. A precise definition is given below.

A string (nonpolarized) S is a directed graph isomorphic to

@t— Q<@ o006 Q<@ (n21).
| 2 3 n-1 n
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The vertex 1 is the head and the vertex n the tail of this string; n is its rank. If we
assign alternating + and — signs to the vertices of this string we obtain a polarized
string. A polarized string is positive or negative depending on whether its tail carries
a + or — sign. The signature of a polarized string S is the ordered pair

(6.1) sigS=(r",r")

where r* and r~ are the numbers of vertices of S with label + and — , respectively.
If S is nonpolarized we define its signature by (6.1) where now r* = r~= 1n, n being
the rank of S.

A gene is an isomorphism class of strings; it may be polarized or nonpolarized.
There are precisely three genes of rank »n for each positive integer n: the nonpolarized
gene of rank n, the positive gene of rank », and the negative gene of rank n. We shall
denote these three genes in that order by g(n), g* (n), and g~ (n).

Let = be the free abelian group having the set of genes as its basis; the elements of
2 will be written as formal finite integral linear combinations of genes. A chromosome
is an element of 2 which is a nonnegative integral linear combination of genes. The
set of all chromosomes will be denoted by =% ; it is clearly a free commutative
monoid on the set of genes. If X = Y + Z where Y and Z are chromosomes then we
say that X contains Y, and we write X D Y or Y C X. If g is a gene and m (= 0)
integer such that X D mg and X 2(m + 1)g then we say that m is the multiplicity of
g in the chromosome X. We say that g occurs in X if its multiplicity m in X is not
zero. The signature of a chromosome X is by definition the sum of the signatures of
its genes (taking into account the multiplicities). Similarly, one defines the rank of X.

A chromosome is called even (resp. odd, polarized, nonpolarized) if all its
constituent genes have even rank (resp. have odd rank, are polarized, are non-
polarized). Every chromosome X admits a unique decomposition X = e(X) + o( X)
where e( X) is an even and o( X') an odd chromosome.

A wvariety is a submonoid of =*. By II (resp. A) we denote the variety of
polarized (resp. nonpolarized) chromosomes. If @ is a variety, so is k® = {kX:
X € @}, for every nonnegative integer k. If ® is a variety and n (= 0) an integer
then ®(n) denotes the set of all X € ® having rank n. If ® and ¥ are varieties then
(®, V) denotes the variety consisting of all chromosomes X such that e( X) € ® and
o(X) e V.

We shall need in the sequel the following five varieties:

(6.2) I, (A,II), (II,A), (2QA,II), (II,2A).
If g is a gene of rank n (> 1) we define g’ as follows
g=g(n-1)  ifg=g(n),

=g*(n—1) ifg=g%(n),

=g(n=1 ifg=g{(n)
If g is a gene of rank 1 we set g’ = 0. If X is a chromosome then we define X’ by
applying this “prime” operation to each of its constituent genes. Now we define
inductively the chromosome X¥), k = 0, as follows:

X0 =x  x*tHh=(x%Y fork=0.
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For instance, if X = 2g(3) + g7(2) + g(2) + g* (4) then
X =X"=2g(2) +g (1) + g(1) + g+ (3),
XD =2g(1)+g"(2), XP=g"(1), XP =0 fork=4.

For ordered pairs of real numbers, the inequality ( p, ¢) < (r, s) will stand for
p <r and g <s. We say that a chromosome X dominates a chromosome Y, and we
write X = Yor Y < X, if

sig X® =5igY™®,  Vk.

It is easy to check that in each of the varieties (6.2) the dominance relation is a
partial order.

7. Statement of the main result. To each indecomposable nilpotent type A of the
Jth series we associate a chromosome X = X(A) belonging to a variety ®;. The
chromosome X and the variety @, are specified in the last two columns of Table IV.

More generally if A is a nilpotent type of the jth seriesand A = A, + --- +A, is
its decomposition into indecomposable types then we define X(A) = X(4,)
+ - +X(A)).

Clearly the map A X(A) from the set of nilpotent types of the jth series to @, is
a bijection.

Now let V,F, fand G be as in §1, L the Lie algebra of G and n = dimg V. Since
Jj € {4,6,7,9,10}, the signature sig( ) was defined in §1. When j = 7 or 9 we have
sig( /) = (n/2,n/2).

Let O be a nilpotent G-orbit in L. If x, y €O then the triples (V, f, x) and
(V, f, y) are equivalent and hence we can associate a type A = A(O) to the orbit O.
We shall write X(0) instead of X(A(O)).

The following lemma is an immediate consequence of our definitions and the
description of nilpotent G-orbits in L given in §5.

LEMMA 4. The map O X(0) defined above is a bijection from the set of nilpotent
G-orbits in L to the set of chromosomes X € @, satisfying the condition sig X = sig( f).

ExaMPLE 1. Let j = 10 and sig( f) = (2,2). Then there are six nilpotent orbits in
L; their types are

2A3- (O’O) + 2A—O(0,O), Ag (0’0) + A-0(090) + AI(O’O)’ ZAI(O’O)’
Ag (0,0) + A5(0,0), AL(0,0) + A3 (0,0), A4(0,0).

These types are also listed in [1, p. 351] but the superscripts + do not coincide due
to the different definition which we have introduced.

The chromosomes in (A, IT) corresponding to these types are 2g* (1) + 2g7(1),
gr () +g (1) +8(2),2802), 8" (1) + g7(3), g7(1) + g* (3), and g(4), respectively.

We can now state our main result. Recall that we assume that G is a classical
group of the jth series with j € {4,6,7,9,10}.

THEOREM 5. If O, and O, are nilpotent orbits of G in its Lie algebra L then O, C 0,
holds iff X(0,) < X(C,).
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The necessity of the condition X(0,) < X(0,) was proved in [4]. Our main goal in
the remaining part of this paper is to prove the sufficiency of this condition.

EXAMPLE 2. As we saw in Example 1, the group Sp(2,2) has 6 nilpotent orbits in
its Lie algebra. The partially ordered set of these orbits (with respect to the
ordering <) is represented by the diagram

/\
\/

noa
a

nooo

where the orbits are represented by their chromosomes and the rows of dots
represent nonpolarized genes. Of course the bottom chromosome 2 gt () +2g7(1)
represents the trivial orbit consisting of the zero element only.

8. Mutations. The proof of the sufficiency part of Theorem 5 is based on some
combinatorial results which we state in this section. The proofs of these results are
postponed until the end of the paper.

For each variety @ in (6.2) we shall define some transformations of chromosomes
which we call ®-mutations. A chromsome X € ® is transformed by a ®-mutation
into another chromosome Y € ® such that X< Y, X # Y, and sig X = sigY. We
shall indicate such a mutation symbolically by X — Y. We warn the reader that we
may have two ®-mutations X - Y and X — Z with Y # Z (see the example below).

If X - Y is a ®-mutation and Z € ® then also X + Z —» Y + Z is a ®-mutation.
Conversely, if X,Y,Ze®and X+ Z - Y+ Zisa ®-mutation then also X — Y is
a ®-mutation. Hence it suffices to list only the ®-mutations X — Y such that X and
Y are disjoint, i.e., X and Y have no genes in common. Such ®-mutations we call
primitive.

The primitive IT-mutations are the following:

(8.1) g(m)+g(n)->g(m—1)+g(n+1), m<n;
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(8.2) g(m) + g¥(n) - g«(m —2) + g«(n + 2), 1<m<n;
(8.3) g(m) +g_(n)-g (m—1)+gln+1), m<n
where g (n) = gV"'{(n), e = =.

ExaMpLE 3. If X = g" (5) + g* (4) + g"(1) and X — Y is a [I-mutation then Y is
one of the chormosomes Y, =g (6) +g* (4), Y, =g " (5) +g7(5), ;=g*(6) +
g (3) + g (1), or Y,=g*(6) + g* (4). The mutations X —» Y, and X - Y, are of
type (8.1) while the mutations X - ¥; and X — Y, are of type (8.3). (Since X has
three genes, none of these mutations is primitive.)

If ® = (A, IT) or (I1, A) then the primitive ®-mutations are the following:

(8.4) g(m)+g(n)->g(m—1)+g(n+1), m<n;
(8.5) g(m)+gi(n)->g(m—1)+gn+1), m<n,
(8.6) gi(m)+gn)->gm—1)+g(n+1), m<n;
(8.7) gi(m)+g=(n)-gm—1)+gn+1), m<n;
(8.8) g(m) + g%(n) - g*(m—2) + g%(n +2), l<m<n;

where ¢ = =. It should be understood that if, say, ® = (A, II) then in (8.4) m and n
are even positive integers, etc.

Finally if ® = (2A,II) or (II,2A) then the primitive ®-mutations are the
following:
(8.9) 2g(m) » g(m—1) + g~*(m + 1);
(8.10) gi(m) +g%(n) » g(m—2) + g(n+2), l<m<n;
(8.11) g*(m)+g*(n)+g(n)—-g(m—2)+2g(n+1), 1<m<n;
(8.12) g*(m)+g(m)+g(n)-2g(m—1)+g(n+2), m<n;
8.13) g*(m)+g (m)+gt(n)+g(n)->2g(m—1)+2g(n+1), m<n;
(8.14) 2g¢(m) +2g7%(n) > 2g(m — 1) +2g(n+1), m<n;
(8.15) gi(m)+g(n)-g(m—2)+gi(n+2), 1<m<n;
(8.16) 2g°(m) + g (n) > 2g(m—1)+gi(n+2), m<n;
(8.17)  g(m)+2g(n)->g(m—2)+2g(n+1), 1<m<n;
where ¢, ¢ = =. It should be also understood that g(0) and g*(0), ¢ = =, are zero
chromosomes.

This completes the definition of ®-mutations when @ is one of the varieties (6.2).

We say that there are enough ®-mutations if given X, Y € ®, such that X < Y and
sig X = sig Y, there exists a finite chain of ®-mutations

X=X =Xy~ =X, (m=0)
with X, = Xand X, = Y.
The combinatorial result which we need is the following.

THEOREM 6. If ® is one of the varieties (6.2) then there are enough ®-mutations.
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The proof of this theorem is given in §§14-17. It is much harder than the proof of
the analogous results for the varieties A, (2A, A), and (A, 2A) which are given in [3]
and [7].

9. Sufficiency part of Theorem 5. Recall that G is a classical group of the jth series
defined by a pair (V, f) andj € {4,6,7,9,10}. Let O, and O, be two nilpotent orbits
of G in its Lie algebra L. Let X, = X(0,) and X, = X(0, ) be the corresponding
chromosomes in @. By hypothesis we have X, <X,. We also know that
sig X, =sig X, = sng(f) We have to show that 0, < 0,, i.e., 0, C 0,. By Theorem 6
it suffices to consider the case when
(9.1) X - X,
is a ®-mutation. Without any loss of generality we may (and we will) assume that
this mutation is primitive.

In order to prove that O, < 0, we shall construct a linear one-parameter family

(9.2) x(t) = xo + tx,

in L such that x, € 0, and x(r) € 0, for ¢t > 0. (Only in one case we shall use a
quadratic family.) Indeed the existence of such a family implies that x, € @2, and so
¢, cd,.

In order to verify that, say, x, € O, it suffices to show that (V, f, x,) € A(O)).
For this purpose we decompose V into an orthogonal direct sum of x -invariant
subspaces V,..., V, so that the corresponding types A,,...,A, are indecomposable.
We identify these indecomposable types by the criteria of §5 and verify that
A(C)) = A, + --- +A,. The same method is used to prove that x(¢) € €, for r > 0.

We shall distinguish several cases according to the value of ;.

10. The case j = 4. We have @, = II and the primitive [I-mutations are defined
by (8.1)-(8.3). These mutations can also be written as

(10.1) g(m+1)+g(n+1)—>g(m)+g(n+2), n—m=2k+1;
(102) g(m+1)+gn+1)-g(m—1)+g(n+3), m<n;
(103) g*(m+1)+gi(n+1)—>g<(m)+g°(n+2), n—m=2k;

where k (= 0) is an integer and ¢, ¢ = =.

Indeed, (8.2) and (10.2) list the same mutations. Mutations (8.1) for n — m even
are the same as (10.3) for ¢ = e. Mutations (8.1) for n — m odd are the same as
(10.1) for ¢ = —e. Mutations (8.3) for n — m even are the same as (10.3) for ¢ = e.
Finally, mutations (8.3) for n — m odd are the same as (10.1) for ¢’ = e.

Assume first that the mutation (9.1) is of the form (10.1). We can choose a basis
€0+ +€m> €0s- - - €, Of V such that

(10.4) fle,.e)) =0, f(e, e)=c¢ s m> fle) ) = €8 5.0

holds for all relevant r, s. We define linear maps x, and x, on V' by specifying their
effect on basis elements:

=0,

r<n), xqe,=0,

Xo€, = 16,4 sr< m)’ X0€m
<

(
xoe, = ie}y; (0
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xe, =0 (0<r<m), xe,=ie,_4,
xe, =0 forr#k, xe =iee,.

In view of (5.1) and the definition of x, it is clear that x, € O,. It is easy to check
that x, € L and so x(¢) € L for all real . We have

x(0) ey = x(1)i%el, = i**\ (e}, + e€ltey),

x(1) T ey = i ey 0y t+Egte,) = iR (el_, + eete,,),

x(1)"ep = i""*x(1) (e}, + ee'te,)) = i"(e, + ee't%,_ ),

x(0)" ey = intleet?l,  x(1)" ey =

m—1 ’ — em—1 — -m—1 ’

x(1)" ey = tejyy) = i" e, — ’ek+m) =i"" e, = te, 1),

x(1)"(e; — tej1) =0
We now assume that ¢ # 0. Let V| and V, be the x(¢)-invariant subspaces generated
by the vectors e) and e = e, — te;,,, respectively. It is clear that V=V, ® V,,
dim¥V, = n + 2, dimV, = m. Note that the vectors e, — te;,, (1 <r<m) form a
basis of ¥, and are orthogonal to ej. Hence ¥; N V5 is an x(¢)-invariant subspace
of ¥, containing e}. It follows from the definition of ¥, that ¥, N V;'= V,, i,

V, = V3. Let A, and A, be the types which correspond to ¥, and V,, respectively.
Since

e(=i)"" fep, x(1)" ep) = 2= e(=i)" " fe, x(1)"e),
it follows from (5.3) that
A, = 4,,,(0), A, = &, ,(0).
Hence indeed A, + A, = A(0,), and so x(¢) € O, for t # 0.

Next assume that the mutation (9.1) is of the form (10.2). Then we can choose a
basis ey, .. .,e,,, €;,--..,e, of ¥ such that (10.4) holds with ¢ = . We define x(¢) by

x(t)e,=i(e, + te), x(t)e, =ie,,, 0<r<m), x(t)e,=0,
x(t)e, = iel,, (0<r<n), x(t)e,=ite,,.
As in the previous case we have x, € 0, and x, € L. We have
x(1)"eq = ix(1)" (e, + tey) = i"(e,, + te,,_,),
x(1)" ey = imx(t)" " el = i" ux(1)el = i 2%,
x(1)" e, = 0.

If m # 1 we have

x(0)™ (tel en—miz) = i" (te,_; — e,’,),x(t)m—](tel — e _pmi2) =0
Let t # 0 and let V; be the x(¢)-invariant subspace generated by e,. Clearly,
dimV, =n+ 3 and so if m =1 we have V, = V. When m # 1 let V, be the
x(t)-invariant subspace generated by the vector e = te, —e/_, ,,. Clearly,
dimV,=m—1 and V=V, ® V,. The vectors te, —e,,_,,,,.y I<r<sm-—1)
form a basis of ¥V, and are orthogonal to e,. As in the previous case this implies that
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V, = V5. Let A, be the type associated with ¥, and if m # 1 let A, be the type
associated with V. Since

e(—i)"+2f(e0, x(t)nHeO) =1,
andif m # 1
e(-i)" 2 fle, x(1)" %) = 12,

we have A, = 4% ,,(0), A, =45, _,(0) (m=*1). Thus A, = A(0,) if m=1 and
A, + A, = AO,) if m # 1. Therefore x(r) € 0, for t # 0.

Finally assume that the mutation (9.1) is of the form (10.3). Then we can choose a
basis ey, ...,€,,4 > €G- - -4 Of Vsuch that

(105) f(er’ es) :f(e;’ e;) = 0’ f(er’ s) r+s,m+k

holds for all r, s. We define linear operators x, and x, on V' by

xpe, =le,,., forr#k—1,m+k,

Xoei—; = i(e, +eey) if k>0,

XoCmik = i€€), (e,,+, =0ifk =0),

Xpe, = ie] (0<r<m+k), Xo€mir = 0;
e,=0 forr#*k, m+k,

xek igey,  X\€nix = ie],

xe. = (0= r<m+k).

From the definition of x, and from (10.5) it follows that
f(xqe,, ;) = 0 = f(e,, xye,) for all r, s except (when k > 0) that
f(x0€x15 €pmis) = =i€ = f(Xg€m ik €x—1),
fler—1s Xoemir) = it = flenmixs> Xo€x—1)-
Hence for all r, s we have f(xge,, e,) + f(e,, xge,) =
Since the subspace spanned by eg,...,e;, , is totally isotropic it is clear that
f(xpel, el) + f(e], xqe;) = 0 holds for all r, s.
We have f(xge,, e/) = 0 = f(e,, xqe;) for all r, s except that
f(xoe,s epiy1) =i (0<r<m+k),
fle,s Xolmik—r1) = i (0O<r<m+k).
Thus for all r, s we have f(xge,, e;) + f(e,, xqe;) = 0.
Since f is a hermitian form, it follows that f(x,v,, v,) + f(v,, xov,) = 0 for all
v, 0, EV,le,xy € L.
It is obvious that f(xe,,e.) + f(e,, x,e;) = 0 and f(xe/,e;) + f(e;, x1e;) = 0
for all r, s. We have f(x,e,, e,) = 0 = f(e,, x,e,) for all r, s except for
f(xeh, €i) = —i€" = f(x1€1 45 €1)s
flegs x18pii) = i€ = flepiis X1€4)-
Hence f(xe,, e;) + f(e,, x,e,) = 0 for all r,s. Therefore x, € L and
x(t) = xy + tx, € L for all real ¢.
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We claim that x, € 0,. Let first K =0, i.e, m = n. For real A let U, be the
xo-invariant subspace generated by the vector e, + Aeg. The vectors e, + Ae;
(0 < r < m) form a basis of U,. Since

(10.6) e(—i)" f(eg + Nepy, xT(eq + Aep)) = 2eA,

U, is nondegenerate for A # 0. (Indeed, if degenerate then xg'(e, + Aej) would be in
its radical.) Since e, + e; is orthogonal to e, — e, (0 <r <m), it follows that
V=U®U, and U, L U,. From (10.6) and (5.3) it follows now that
(V, f, xo) € A} (0) + A,,(0), and s0 x, € O,. Now let k > 0. We have then

xieo = i*xi "k (e, + eey) = i™Exk(e,,.q T e€l,) = 2ei", 4,

x5 e =0,  xge, — eeg) = i"(epis — tey,),

xg e, — eeg) =0
Let V, and V, be the x -invariant subspaces generated by e, and e = ¢, — eey,
respectively. Since e, , and e, — €e, are linearly independent vectors in Ker x,, the
above equalities imply that V=V, ® V,, dim¥V,=n+1 and dimV,=m + 1.
Since the vectors e, ,, — €e, (0 < r < m) form a basis of ¥, and are orthogonal to
eq, we have V, L V,. Since &(-i)"f(eq, xge¢) = 2 = —&(-i)"f(e, xg'e), it follows from
§5 that (V, f, x,) € A5(0) + A%(0). Thus again x, € O,.
For k > 0 we have

x(1)" eg = i*x(£)" (e, + eef) = i x(1)" *(ers, + €tel + ee})

= i"x(1) (e, ., + €tel,_, + cel,)
=2i"*k+ix(1) (etel, + e, ) = 2" etel, , .,

and for k =0

x(1)" e = ix(1)" (e, + e'te)) = i"x(1)(e, + €'te,_,) = 2i"* le'te!,
Thus for all kK we have
(10.7) x(1)" ey = 2" etel, s x(1)" ey = 0.
Writing a = e, , — €'te; — ee}, we have
(10.8) x(1)" 'a=i"" (e, p — €6, —ee,), x(t)"a=0

Fix t # 0 and let W, and W, be x(t)-invariant subspaces generated by e, and aq,
respectively. Let first k > 0. Then the vectors e, , — €'te,_, — ee, (1 <r < m) form
a basis of W, and are orthogonal to e,. From (10.7) and (10.8) we conclude that
V=W ®&W,dmW,=n+2,dimW,=m,and W, L W,. Now let k = 0 and let
W, be the x(¢)-invariant subspace generated by the vector b = e, — ¢'tej. Then
x(£)""'b = i™"Y(e,, — €te,,_,), x(¢)™b = 0. Hence the vectors e, — e'te]_
(1<r<m) form a basis of W, and are orthogonal to e,. It follows that
V=W, ®W,and W, L W,.
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Since
e'(—i)"“f(eo, x(t)"“eo) =21,
—e’(—i)'"_lf(a, x(t)'"_la) = 2t,
—(=i)" " f(b,x(1)" 'a) =2t (k=0),
it follows that x(r) € 0, for t > 0.

11. The cases j = 7,10. We shall reduce these cases to the previous case j = 4.
Recall that @, = (II, A) and @, = (A, II).

Given X € IT we shall denote by o( X), resp. 7(X), the chromosome in (II, A),
resp. (A, IT), which is obtained from X by ignoring the polarization of its odd, resp.
even, genes. Clearly o: IT — (II, A) and 7: II — (A, II) are morphisms of monoids.

LEMMA 7. Every primitive (I1, A)-mutation, resp. (A, I1)-mutation, is of the form
o(X) - a(Y), resp. 7(X) = 1(Y), for a suitable primitive I1-mutation X — Y.

PrROOF. We have to show that each of the mutations (8.4)-(8.8) can be obtained by
applying o or 7 to a primitive II-mutation X — Y. In the case (8.4) we take
X =g %(m) + g%n), Y is determined by (8.4). In the case (8.5) we take
X=g(m)+gi(n), Y=g (m—1)+g%n+1). In the case (8.6) we take
X=g(m)+gn), Y=g (m—1)+g%(n+1). In the case (8.7) we take
Y=g%(m— 1)+ g%(n+ 1), X being already determined by (8.7). The mutations
(8.8) are also primitive IT-mutations.

Let U be a classical group of the fourth series defined by a pair (W, g). Let
W' = W®cH and let g,, resp. g,, be the skew-hermitian, resp. hermitian, form on
W’ whose restriction to W is —ig, resp. g. Since g is nondegenerate, so are g, and g..
Let U,, resp. U,, be the classical group of the seventh, resp. tenth, series defined by
the pair (W', g,), resp. (W’, g.). Clearly we may view U as a subgroup of U, and U..
Let M (resp. M,, M) be the Lie algebra of U (resp. U,, U,). We shall view M as a
subalgebra of M, and M,. Let x € M be a nilpotent element, A the type determined
by (W, g, x) and X = X(A) € II the corresponding chromosome. Similarly, let A ,
resp. A_, be the type determined by (W', g,, x), resp. (W', g,, x), and let X, resp.
X,, be its chromosome in (II, A), resp. (A, IT).

LEMMA 8. With the above notation we have X, = o( X) and X, = 7(X).

ProOF. It suffices to prove this when A is indecomposable, i.e., X is a gene, say
X = gf(m + 1). We may assume (see §5) that there is a basis e,...,e,, of W such
that

(11.1) gle,,e) =¢eb,
for all r, s and
(11.2) xe,=e i (0<r<m), xe,=0.

Since W’ is indecomposable with respect to x, we must have X, = g(m + 1) for m
even and X, = g(m + 1) for m odd. If m is odd we have i" 'eg (e,, x™e,) =
—-i"eg(ey, e,,i") = 1 by (11.1), (11.2) and the definition of g,. By (5.5) we have
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X, = gf(m + 1) in this case. If m is even then i"'eg (e,, x™ey) = i"eg(ey, ,,i™) = 1,
and so by (5.4) we have X, = g*(m + 1).

Thus X, = ¢(X) and X, = 7(X) in all cases.

We now proceed with our proof of the sufficiency part of Theorem 5. We shall
consider in detail the case j = 7. Then, by hypothesis, (9.1) is a primitive
(I1, A)-mutation. By Lemma 7 there exists a primitive II-mutation Y, — Y, such
thato(Y,) = X, (r = 1,2).

From §5 it is easy to deduce that there exists a C-subspace V, of V' such that the
canonical map ¥y ® cH — V' is an isomorphism, f takes complex values on ¥ X ¥V,
and sig(ify) = sigY, = sigY, where f; is the restriction of f to V;. Let U be the
classical group of the fourth series defined by the pair (¥}, if,). Then we have
U, = G. Let O/ (r = 1,2) be the nilpotent orbit of U in its Lie algebra M with the
associated chromosome Y,. If we identify M, with L, then Lemma 8 implies that
0, 0, (r=1,2). Since Y, <Y,, we have O] <0} by the case j = 4. This clearly
implies that 0, < 0,.

The proof in the case j = 10 is similar and we may safely omit the details.

12. The cases j = 6,9. These two cases will be treated simultaneously. Recall that
&, = 2A, IT) and &, = (II,2A).

If m (= 0) is an integer we shall write m’ = [$(m + 1)]. Thus m = 2m’ for m even
and m = 2m’ — 1 for m odd. We have

(12.1) (1) = {i’" if m is even,

i™ ' if mis odd.

Assume first that the mutation (9.1) has the form
(12.2) 2g(m+ 1) - g%(m) + g™ %(m + 2).
We can choose a basis e,...,e,, eg,...,e,, of ¥ such that f(e,,e,) = f(e/,el) =0
and f(e,, e;) = &, , for all , s. We define the one-parameter family x(¢) = x, + #x,
of operators in V by

x(t)ey =€, —e(-1)"""te) ifm>0,
x(t)e,= e, (0<r<m), x(t)e, = -e(-1)"te,,,
x(t)ef=—e; .y (0<r<m), x(t)e,=0.

It is easy to verify that x(¢) € L for all real ¢. Since x,, consists of two Jordan blocks
of size m + 1 each, we have x, € O,. (Note that m is odd if j = 6 and m is even if

J=9)
We have
(123)  x(1)"" ey = -2¢(-1)"te, and 2" f(eq, x(1)" " eg) = 21.

Now let # > 0. If m = 0 then x(¢) is a single Jordan block and by (5.4)-(5.5) we
have x(t) € 0,. Now let m = 1. Then x(#)"*? = 0 and dim Ker x(¢) = 2. It follows
that x(¢) consists of two Jordan blocks whose sizes are m + 2 and m. The larger
block is the type A7, (0) because of (12.3). To avoid tedious computations which
are needed to determine the type of the smaller block, we shall use the following ad
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hoc argument. The smaller block is either of type A, (0) or of type A}f_,(0). When
we let t - 0 (> 0) the type must become A°,_(0). Otherwise there is a strictly
decreasing sequence ¢, ¢,,... with limit 0 for which the smaller block is of type
A _(0). By the necessity part of Theorem 5, we then obtain 2g(m + 1) <
g %(m + 2) + g %(m). By applying the priming operation m — 1 times (see §6) we
obtain 2g(2) < g *(3) + g (1), which is false. Hence for small positive ¢ the smaller
block is of type A, _(0). Consequently for small positive ¢ we have x(7) € 0,. Since
the set of all 7 for which the smaller block is of type A%, _,(0) (or A ¢_,(0)) is open, it
follows that in fact x(¢) € 0, for all ¢ > 0.
Next assume that (9.1) has the form

(124) g(m+1)+g(n+1)->g(m—1)+g(n+3), m=<n.

We can choose a basis ey,...,e,, €p,...,e, of V such that f(e,,e;) =0 for all r, s
and f(e,, e,) = €8 and f(e/, e.) = €6, for r <s. The family x(z) is defined

ot sm +5.n
by
x(1)ey = e, + etey,
x(t)e,=e,  (0<r<m),
x(t)e,= -, (m' <r<m),
x(t)e,, =0,
x(t)e;=e;,y  (0<r<n’),
x(t)e, =€, (' <r<n),

x(t)e, = —¢'te,,.

One can easily verify that x, and x, are in L and so x(¢) € L for all real . Moreover
it is clear that x, € O, (see §5). We have

x(1)" ey = —ee'(-1)" "t2%,,,
e’(—l)"_"’ﬂf(eo, x(t)"+2e0) =12

Now let 1 > 0. If m = 1 then x(¢) is a single Jordan block and (12.5) and (5.4)—(5.5)
show that it is of type A%, ,(0). Thus x(z) € O, in this case. Now let m = 2. Since
x(1)"*3 =0 and dimKer x(¢) = 2, x(¢) consists of two Jordan blocks whose sizes
are n + 3 and m — 1. The larger block is of type A%, ,(0), by (12.5) and (5.4)—(5.5).
As in the case (12.2) we can conclude that for ¢ > 0 the other Jordan block of x(¢)
must belong to the type A%, _,(0). Thus x(¢) € O, forz > 0.

Now assume that the mutation (9.1) has the form

gm+ ) +gt(n+1)+g(n+1)
sg(m—1)+2g(n+2), m<n.

and
(12.5)

(12.6)

We can choose a basis eg,...,e,, €5,...,€, €y, ..,en of V such that
f(e,,e)=f(e.,e) =0, f(e,,e) = f(e],e)) = 0, f(e,,e;) =8, , for all r, s and
fle!, e’y = &b for r < 5. The family x(¢) of operators in V is defined by

r r+s,m
x(t)e,=e.y  (0<r<n), x(t)e,=0,

x(t)e,=-e,, (0<r<n), x(t)e,= -ete],
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x(t)ey = ey + teg,
x(t)ey =€y (0<r<m),

/
x(t)e, = -’y (m'<r<m), x(t)e)=0.

One can check that x(¢) € L for all real z. Let W, W’ and W” be the subspaces of V'
spanned by the vectors e,, e, and e, respectively. These subspaces are invariant
under x, = x(0) and W” L (W + W’). The restriction of x, to each of these
subspaces is just a single Jordan block. The block in W” is of type A%, (0). The other
two subspaces, W and W”, are totally isotropic. This implies that the restriction of x,,
to W + W’ belongs to the type A; (0) + A(0). Hence x, € 0,.

Now let t # 0. If m = 1 one can easily check that x(¢) consists of two Jordan
blocks of size n + 2 and so x(z) € O,. Now let m = 2. Let ¥, be the x(¢)-invariant
subspace generated by e;. A basis of V| consists of the vectorse, (0 <r <n)ande,,.
Let ¥, be the x(¢)-invariant subspace generated by ej. A basis of V, consists of the
vectors e, e’ +te,_, (1<r<m), (1) "e  +te,., (m<r<m), e,
(m<r<n).Wehave V, N ¥, =0and dim ¥, = dim ¥, = n + 2. Since x(¢)"*? = 0
and

()" ey = (1) e, @ VitV x(0)" ey €,
it follows that x(¢) consists of three Jordan blocks whose sizes are n + 2, n + 2, and
m — 1. Since e(-1)™"™ " !f(e}, x(¢)" %) = 1, it follows that the Jordan block of
size m — 1 belongs to the type A°, _,(0). Hence x(¢) € 0, for r + 0.

Next assume that (9.1) has the form
(127) gt(m+ 1) +g(m+1)+g(n+1)->2g(m)+g(n+3), m<n.

We can choose a basis eg,...,e,, e),...,e,, e;,...,e, of V such that

fle,,e) =f(e),e;) =0, fe,, e)) = f(e], &) =0, f(e,, e;) = 8, , for all r, s and
f(e/,e!) =¢b,, , for r <s. We define the family x(¢) by

x(t)ey=e, —etef (e, =0ifm=0),

x(t)e,=e,  (0<r<m),

x(t)e,=0 ifm=>0,

x(t)e, = e, (0<r<m), x(t)e,=0,
x(t)e) =e/yy  (0<r<n),
x(t)e! = -, (n"<r<n), x(t)e) =te,.

One can check that x(¢) € L for all real ¢. As in the case (12.6) one can show that
x, €0,
Now let # # 0. An easy computation gives
x(1)" ey = (~1)"""'er%,, and
e(—l)"—"le(eO, x(t)"+2e0) =%

If m = 0 then (12.8) implies that x(¢) € O,. Now let m = 1. Then it is easy to verify
that x(¢) consists of three Jordan blocks whose sizes are n + 3, m, and m. The

(12.8)
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largest block corresponds to the x(#)-invariant subspace generated by e,. It follows
from (12.8) that this block belongs to the type A", , ,(0), and so x(¢) € O, for ¢ # 0.
Next assume that the mutation (9.1) has the form

gm+)+g(m+1)+gt(n+1)+g(n+1)
- 2g(m)+2g(n+2), m<n.

We can choose a basis a,...,a,, ag,...,a,, by,...,b,, b('), ..,b, of V such that

f(ana)'_f(ana)_() f( re 5)—f(br,’bs)'—0’ f(ar’ s f(ar’ s)—f(ar’ s
=f(a,, b)) =0, f(a,, a}) = §,,, ., and f(b,, b)) = 6, , for all r, s. We define the
family x(¢) of operators in ¥ by

x(t)ay=a, +t, (a,=0ifm=0),

(12.9)

()a,= a0 (0<r<m),
x(t)a, =0 ifm>0,

W0)a= -ap,  O=r<m). x(i)ay=0,
x(1)b, = b, O0<r<n), x(t)b,=0
x()b=-b,,  (0<r<n), x(t)b,= -ta,.

One can check that x(¢) € L for all real ¢. By using the same argument as in the case
(12.6) one can show that x, € 0.

Now let 1 # 0. Let V|, resp. V,, be the x(¢)-invariant subspace generated by the
vector a,, resp. by. We have

x(1)" by = (-1)"x(2)b, = (-1)"" 1a, x(1)" by = 0.

For m > 0 we have x(1)""'a, = x(1)"(a, + thy) = tx(t)"b, = tb,, and, for m = 0,
x(t)" la, = tx(t)"b, = th,. Thus for all m we have x(t)"‘”aO th, and
x(t)"*2a, = 0. It follows that ¥, N ¥, =0. If m =0 then V=V, ® V,, and so
x(t) € 0,. Now let m=1. Then x(¢)"*?* =0 and dimKerx(¢) = 4. Thus x(¢)
consists of four Jordan blocks; the two largest of them arise from ¥, and V, and
have size n + 2. Since x(¢)™V C V, + V,, the other two Jordan blocks must be of
size m each. Therefore x(¢) € O, for ¢ # 0.
Next assume that the mutation (9.1) is of the form

(12.10) g (m+1)+g(n+1)->g(m—1)+g(n+3), m<n,
We can choose a basis eg,...,e, ., €p,....€,,,x (k=n"—m’) of V such that
f(e,.e,) =f(e/,e,) =0 and f(e,, e)) = e(-1)"""*8,, .., for all r, s. We define
the family x(7) of operators in V' by
x(t)e,=e, ., forr#k—1,k+1,k+m,
x(t)e,_, =e, +(-1)"e, ifk>0,
x(t)epr) = eppy + (-1)"1e) (exr2=0ifm=1),
X(8)eysm = —tep | — €pi (eps1 = 0if k = 0),
x(t)e, = —e,, O<r<k+m), x(t)e,,=0.
One can check that x(¢) € L for all real ¢. If kK = 0 then x,, consists of two Jordan
blocks of size m + 1. Since the subspaces spanned by ey,...,e,, ., and eg,....e,
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are x,-invariant and totally isotropic, we have x, € 0,. Now let kK = 1. We have

xieo=2(-1) ety x((-1)"ef — €,) = €y = €xpms
n+l

0 eO:O, m+l(( 1) eO_ek)ZO.
Hence x,, consists of two Jordan blocks whose sizes are n + 1 and m + 1. Since
e(-1)""" f(egs xgeo) =2, e(=1)""" f((-1)"et — exs e — €rrm) = 2,

we conclude that again x, € 0,.
Now let ¢ > 0. A simple computation gives

k, , .
x(t)"+230 — 2(_1) tek+m lf m > 1’
(-1)e,,, ifm=1,

and so
(12.11) e(-1)""""" feg, x(1)" 2 ey) > 0.

Thus if m = 1 then x(¢) € O, for t > 0. Now let m = 2. Then x(¢) consists of two
Jordan blocks of sizes n + 3 and m — 1. It follows from (12.11) that the larger block
belongs to the type &° ,,(0). The same argument as in (12.2) implies that the other
block belongs to the type A¢_,(0). Therefore x(¢) € O, for t > 0.

Next assume that the mutation (9.1) is of the form
(12.12)  2g(m+ 1)+ g (n+1)->2g(m)+g(n+3), m<n.

We can choose a basis e, ...,€,,. 4, €0s---s€miks €0s---,€m (k- =n" — m’) of Vsuch
that f(e,, e,) —f(e;, e;)) =0, f(e, e)) = f(e],e]) =0, f(e,, e;) = €8, 4, for all

r,sand f(e/, e;) = €5, , for r <s. The family of operators x(¢) in V is defined by
x(t)e,:e,+l forr+sk—1,k+m—m k+m,
x(t)e, ) = e — (—l)m,eé,

x(t)ek+m m = Ck+m—m'+1 + tem m’ lfm>0’

x(egrm= (D" ifm>0,

x(t)e, = (-1)""el , +tel_,. ifm=0,

x(t)e, = -/, (O<r<k+m), x(t)ep =0,
x(t)ey = ey (0<r<m),

x(t)ey, = ~te,, — el (e, =0if m=m),
x(t)e) = -e/';, (m' <r<m), x(t)e/=0 ifm>1.

One can check that x(¢) € L for all real t. We have

xjeo = 201" el Xolirm =0,
-e(-1)"" nf(eo, xgeq) = 2.

Ifa=e, +(-1)"ejand b =¢,,,, + (-1)"*™e/ then we find that
(12.14) xZa=b, xob=0, e(-1)"" " f(a, xla) = 2.

(12.13)
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Note also that the restriction of x, to the subspace spanned by the vectors e/’ is a
Jordan block of type 4%, (0). Hence it follows from (12.13) and (12.14) that x, € O,.
Now let ¢ + 0. An easy computation gives

(12.]5) x(t)n+2e0 - (_1)k+m—M'12elf(+m, e(_])n—n"i'lf(eo’ x([)n+2e0) — [2.

Thus if m =0 then x(¢) €0,. Now let m=> 1. Then x(z)"** =0 and
dim Ker x(¢) = 3. Thus x(¢) consists of three Jordan blocks. By (12.15) the largest
block is of size n + 3 and belongs to the type A%, ,(0). Let W be the x(t)-invariant
subspace generated by e;. Then dimW = n + 3 and x(¢)™V C W. This implies that
the remaining two Jordan blocks are of size m each. Therefore x(¢) € 0, also when
m=1.

Now assume that the mutation (9.1) is of the form

(12.16) g(m+1)+2g(n+1)>g(m—1)+2g(n+2), m<n.

We can choose a basis e,...,€,, s €4s---€ 445 €4s---s€n (K =n"—m’) of Vsuch
that f(e,, e,) = f(e;, e;) = 0, f(e,, e)) = f(e}, e]) =0, f(e,, ;) = —€b, . .., for all
r,s and f(e/, e]) = &b, , for r <s. The family of operators x(¢) in V is defined
by

x(t)ey =e, +2tey ifk>1,

x(t)eg=e, — ey + 2tey ifk=1

x(t)e,=e, ., forr#0,k—1,k+1,k+m,

x(t)er, = e, + (=1)"ef ifk>1,

x(1)egs) = epsq T 205(-1)"ey ifm>1,

x(1)epsm=-202(-1)"""ef = (<)) ey, ifm>1,
x(t)ey,,, = —4t’el —e5 ifm=1,

x(t)e, = e, O<r<k+m), x(t)e;,, =0,
x(t)e"=e;’+I (0<r<n),

x(t)e! = -el',, (n"<r<n), x(t)e) = -2te;,,,

Note that x(r) depends quadratically on ¢, ie., x(t) = x, + x,;¢ + x,¢* where

Xg, X, X, are constant operators and x, # 0. One can check that x(¢) € L for all
real ¢.
We have xlle, = 2(-1)"*"e; , ., x0T 'eq = 0, and

(12.17) ~e(=1)""" f(eq, xGeo) = 2
Ifa=e,— (-1)"eyand b = e, ,, — (-1)"*™e,, then x§'a = b, x,b = 0, and
(12.18) e(-1)""" f(a, xJa) = 2.

Note also that the restriction of x, to the subspace spanned by the vectors e;’ is a
Jordan block of type A;%(0). Hence it follows from (12.17) and (12.18) that x, € 0,.
Now let z # 0. We have

x(t)"+2——‘0 and x(t)"+I =2t(- 1)'"+"( “2tel oy T el).
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Hence x(¢) has a Jordan block of size n + 2. But we know that such blocks must
occur in pairs, and so there are two blocks of size n + 2. Thus if m =1 then
x(t) € 0,. Now let m = 2. Since dimKer x(z) = 3, x(¢) consists of three Jordan
blocks. Hence the remaining Jordan block has size m — 1. By invoking the necessity
part of Theorem 5 we can conclude that this block must be of type A ,(0).
Therefore x(¢) € 0,.

Finally, assume that the mutation (9.1) has the form

(12.19) 2g (m+1)+2g(n+1)->2g(m)+2g(n+2), m<n.

Let V=1V, ® ¥V, be an orthogonal decomposition with V; = W, & W],
vV, = W, ® W, where W,, W|, W,, W; are totally isotropic subspaces of dimension
m + k + 1 each (k= n’ — m’). We can choose bases a,...,a,,, 45 Aos---Amiis
bO,.;.,berk; and by,...,b,,, of W,, W[, W,, and W,, respectively, such that
f(a,, a.)=f(b, b)) = (-1)"""""e,, .. for all r,s. Let x, be the operator in V
defined by

xpa,=a,,, forr#k—1k+m,

x%a,_, =a,+ (-1)"a; ifk>0,
XQpim = ~Apsi (a1 =0ifk =0),
xpa.=-a.., (0<r<m+k), xqa,.,=0,

and by analogous formulas obtained from these by replacing a with b everywhere.
From the case (12.10) it follows that x, € O,. We make V into a complex vector
space by defining the action of i by ia, = b, and ia, = b; for all . We shall denote V'
with this complex structure by V’. Note that a,...,a,, ., ag,...,a,,. 1S a basis of
V’. There exists a unique hermitian form f’ on V'’ such that Re f* = f for j = 6 (then
f is symmetric) and Im f" = f for j = 9 (then f is skew-symmetric). Indeed f’ is
determined by

f’(ar’ as) = f’(a:’ a;) = O?
f’(ar’ a.,t) = (_l)n—m’+]88r+s,m+k lf.l = 6’
fa,,a)=(=1)""""ied, | s ifji=09.

It is clear that f’ is nondegenerate and sig( f) = (k + m, k + m). Let U be the
classical group of the fourth series defined by the pair (V’, f’). Clearly U is a
subgroup of G and we shall view its Lie algebra M as a subalgebra of L. Note that x,,
is a complex linear operator in ¥’ and that x, € M.

Let Y,=g(m+1)+g(n+1) and Y, =g %(m) + g%(n + 2). Note that
sigY, =sigY, = (k + m, k + m). Let O/ (r = 1, 2) be the nilpotent orbit of U in M
corresponding to the chromosome Y,. Note that x, as a complex linear operator
consists of two Jordan blocks whose sizes are n + 1 and m + 1.

We claim that x, € O}. If n = m this follows from the fact that x, has a totally
isotropic Jordan block, for instance, its restriction to the subspace of ¥’ spanned by
the vectors a,. Now let k > 0. Then by using x{a, = 2(-1)*a’,, , and (12.1) we find
that (-i)"(-e)f'(ay, x§ay) = 2, and so by (5.3) the larger block of x, is of type
A75(0). Similarly one can check that the other block is of type A°,(0), and consequently



242 D. 2. DJOKOVIC

x, € €. This implies that ] C ©,. On the other hand it is clear that 0; C 0,. Since
Y, < Y,, we have 0] < 0] by the case j = 4 of Theorem 5. Consequently O, < 0,.

Since every primitive (2A, IT) or (II,2A)-mutation has one of the forms (12.2),
(12.3), (12.6), (12.7), (12.9), (12.10), (12.12), (12.16), or (12.19), the proof of Theorem
5 is completed.

13. Closures of conjugacy classes. So far we have studied the closures of the orbits
of a classical group G in its Lie algebra L. It is not hard to transfer these results to
the conjugacy classes of G. In this section we introduce the necessary concepts and
state the main results. The proofs either follow from the case of orbits in L or are
obvious modifications of proofs already given, and so they will be omitted.

Each x € G has a unique multiplicative Jordan decomposition x = x,x,, where x
is semisimple, x, is unipotent, both x; and x,, are in G, and x,x, = x,x,. We refer to
x, (resp. x,,) as the semisimple (resp. unipotent ) component of x.

Recall that G is a group of F-linear transformations of a vector space V' which
may be equipped with a form f (see §1). We assume that it belongs to the jth series.
Forx € Gand A € C* let

V(X, x) = Ker(x —A)™
if F = C. Otherwise let
V(A, x) = Ker(x? — 2Re(A)x + IA2)7.
If j € {58} and A # =1 or j € {4,6,7,9,10} and |A|# I then V(A, x) is totally
isotropic. This leads us to define the subspace V'(A, x) by
V(A, x) forj e {1,2,3},
V'(A, x) =1 V(A x)+ V(X' x) forj€E (5,8},
V(A, x) + V(X' x) forj€ {4,6,7,9,10}.
If 4 <j<10 the subspaces V’(A, x) are nondegenerate and orthogonal to each

other.
We obtain a direct (and orthogonal if j = 4) decomposition

(13.1) V=3 V(A x)
reQ:

where QF is a subset of C* specified by the Table V.

J U
C*
2,3 ImA=0
4 A= 1
58 ImA>0or(A €ER*&|A|=1)
6,7,9,10 ImA=>0&|A|>1

TABLE V



CLOSURES OF CONJUGACY CLASSES 243

For A € C* let x, (resp. x;) be the restriction of x to V(A, x) (resp. V'(A, x)). If
1 <j < 3let G(A, x) be the general linear group of the space V(A, x). If 4 <, <10
let G(A, x) be the classical group defined by the subspace V'(A, x) and the
restriction of the form f to this subspace. Thus in all cases G(A, x) is also a classical
group of the jth series. Clearly xj € G(A, x) for all A. We denote by C(A, x) the
centralizer of x; in G(A, x).

With this notation we have

(13.2) Co(x) = Agr C(A, x).

The following analog of Theorem 1 is valid.

THEOREM 1". Let G be a classical group of the jth series and x € G a semisimple
element. Then each C(A, x) in (13.2) is a classical group of kth series where k depends
only on j and X and is specified in the last column of Table 111.

The group G acts on itself by conjugation. We shall write a - x = axa™' for the
result of the action of the element a on x € G. Then G - x = {axa™': a € G} is the
conjugacy class of x in G. The following analog of Theorem 2 is also valid.

THEOREM 2'. Let G be a classical group, x, y € G and x = x,x, the Jordan
decomposition of x. Theny €G - x iffa - y = xz for some a € G and some

(13.3) z€ C4(x,) - x,.

This theorem reduces the problem of closures of conjugacy classes to the case of
unipotent conjugacy classes. For this reason we shall now restrict our attention only
to unipotent conjugacy classes.

Let L be the Lie algebra of G and exp: L — G the exponential map of G. It is
known that exp induces a G-equivariant homeomorphism of the set of nilpotent
elements of L with the set of unipotent elements of G. (In particular, there is a
bijection between the nilpotent orbits of G in L and the unipotent conjugacy classes
of G.) This clearly solves the problem of closures of conjugacy classes of G.

14. Proof of Theorem 6: preliminaries. The remainder of this paper is devoted to
the proof of Theorem 6. In this section we prove an important lemma (Lemma 9)
and explain the method of proof.

It is convenient to represent chromosomes by diagrams. For instance the
chromosome

X=2g(3) +57(2) +5(2) + g7 (4)
can be represented by the diagram
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The rows of such diagrams can be permuted arbitrarily (they correspond to the
constituent genes of X). We shall usually arrange rows in decreasing rank as in the
second diagram above.

The priming operation on chromosomes was defined in §6. It is clear that the
diagram of X’ can be obtained from the diagram of X by deleting its first column.
The priming operation can be extended to varieties. Thus if ® is a variety then
®’ = {X": X € ®} is also a variety. By iterating, we obtain the varieties ®*), k = 0,
where @@ = ¢, &) = @, etc.

For instance we have A’ = A, IT' = II, QA, AY = (A,2A), (A,2A)Y = 2A, A),
(A, Iy = (I, A), (II, AY = (A, II), A, IIY = (II,2A), and (II,2A) =
2A, ID).

The following lifting property of mutations will be often used in subsequent
sections.

LEMMA 9 (LIFTING PROPERTY). Let ® be one of the varieties (6.2). If X € ® and
X5 = Uis a @ % -mutation, then there exists a ®-mutation X — Z such that Z**) = U
and sig X = sig Z for 0 < i <k.

PrOOF. It suffices to consider the case when X*) — U is a primitive ®“-mutation
and X% has the same number of genes (counting multiplicities) as X. The rest of the
proof consists in routine verifications.

We shall give the details only in the case when X*) > U is given by the formula
(8.17), i.e.,

X% =g(m)+2g7%(n), U=g(m—2)+2g(n+1),

where 1 <m <n and ¢ = =. Note that X = (II,2A) if m and n are even and
®® = (2A, IT) when they are odd. (It is understood in (8.17) that n — m is even.)
Hence ® = (II,2A) if m — k is even and ® = (2A, II) if m — k is odd. Since we
assume that X and X%’ have the same number of genes, we must have X =
g%(m + k) + 2g7%(n + k). We claim that the ®-mutation X — Z where

Z=g (m+k—-2)+2g(n+k+1)

has the desired properties. Indeed it is easy to check that sig X = sig Z) for
0 < i < k and it is obvious that Z¥) = U.

The ®-mutation X — Z having the properties mentioned in Lemma 9 will be
called a lifting of the ®*)-mutation X* - U.

Let @ be one of the varieties (6.2) and X, Y € ® such that X < Y (i.e,, X < Y and
X # Y) and sig X = sig Y. In particular, X and Y have the same rank, say n, and so
X,Y € ®(n). In order to prove Theorem 6 it suffices to prove the following
statement:

(*) There exists a ®-mutation X — Z such that Z < Y.

The proof of this statement will be given by induction on the rank n. The
verification of () for small values of n is straightforward and is omitted. The proof
is divided into three sections: the next section treats the case ® = II, the subsequent
section the cases ® = (II, A) and (A, II), and the last one the cases ® = (II,2A)
and (2A, II).
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15. The case ® = II. Before starting the proof we introduce some notations. To
each X € II we associate a 2 X oo nonnegative integral matrix o( X) defined by

(151 0= (20 0

where (a,, b,) = sig X'® for all k. It is easy to see that the entries of this matrix
satisfy the following conditions:

(15.2) a,=a,=a,> ..., a,=0 forlargek;
(15.3) by=b,=b,=> ..., b, =0 forlargek;
(15.4) ag=b,=a,=by= ...,
(15.5) bp=a,=b,=ay;> ...
(15.6) a,—a,=b, —by,=a,—ay;=b;,— b= ...
(15.7) by—b,=a,—a,=b,—by=a;—a,> ....

The diagram of X can be recovered from o( X)) as follows: The first column of the
diagram consists of a, — a, positive and b, — b, negative nodes; the second column
consists of a; — a, positive and b, — b, negative nodes, etc. Hence the map o is a
bijection between II and the set of all 2 X oo integral matrices whose entries satisfy
the conditions (15.2)—(15.7).

Let X, Y € II(n) satisfy X < Y. We shall show that there exists a II-mutation
X — Z such that Z< Y. We use induction on n. For n = 0,1 the assertion is
vacuously true; so let n > 1. Let o( X') be as above and let

_ CO Cl cz...
0(Y)_(do dy dy--- |

Since X < Y, we have
(15.8) a, <c, b,<d, (k=0).

Since ay + by = n = ¢y + d,, it follows from (15.8) that a, = ¢, and by, = d,,.

Assume that X and Y are not disjoint, i.e., there is a gene g such that X = X, + g
and Y =Y, + g, with X|, Y, € II. Then X, < Y, and by induction hypothesis there
exists a [I-mutation X| — Z, such that Z, <Y,. Then X > Z=Z, + g is also a
IT-mutation and Z < Y. Thus we may assume (and we do) that X and Y are disjoint.

Assume now that (a,, b,) = (¢, d,) # (0,0) for some k = 1. Since X < Y, we
have X*¥) < Y, Since X and Y are disjoint, so are X'*> and Y*) and consequently
X*® < y®, By induction hypothesis there exists a IT-mutation X*> - U such that
U < Y‘®, By the lifting property (Lemma 9) there exists a [I-mutation X — Z such
that Z*) = U and Z < Y. Hence from now on we may also assume that

(15.9) YO #£0&k=>1=a, <corb, <d,.

Now assume that X D g* (k) + g~(k) for some k. Then Y contains no genes of
rank k. Since X < Y, we have Y*) # 0. By (15.9) we have a, < ¢, or b, < d,. We
define a II-mutation X —» Z by g* (k) + g (k) — g%k + 1) + g(k — 1), where
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e = + if a; < ¢, and ¢ = —otherwise. Clearly Z < Y. Hence we may assume from
now on (and we do) that
(15.10) XDgt(k)+g(k), k=1.

Until further notice we shall assume that a, < c,. Let g, = g, (m) be a gene of X
with m minimal.

Case 1: ¢, = —. Since a, < ¢, X contains a gene of the form g, = g (k). Assume
also that k& is minimal. We define a II-mutation X - Z by g, + g, -
g(k+ 1)+ g, (m—1).If kis odd we have

Gy — G Sdpy —dp S ST <ag T a
=b —by=-=b b =, ~a
Therefore a, <c,, b, <dy_,,a,_,<¢;_5,....,b,<d,andso Z < Y.If kis even
we have d, | —d,<c¢, ,—¢_ | < <cg—c¢<ay—a =b —by,= -
=a, ,—a,_,=b,_,—b,. Hence b, <d,,a, | <c,_, by, <d,_,,....0,<

d,, and again we have Z < Y.

Case 2: g, = g, (1). Since b, = ¢, = ¢, > a,, X must contain a negative gene. Let
g, = g (k) be such a gene with k minimal. Define a II-mutation X —» Z by
g + g — g (k+1).Forl<i<kwehave

dy—d,_=c,—¢>a,—¢=(a,—a)+(a,—¢)=by—b_, +(a,—¢).
Since by = djyand b,_, <d,_,, weinfer thata, <c,andso Z < Y.

Case 3: ¢y = +, m=2, and X D 2g,. We define the II-mutation X — Z by
2g, g, (m—2)+g, (m+2). Wehave b, —b,=a,—a, >cy—c,=d, — d,,
and so b, <d,. Letmbeevenandi=m — lorm. Thenc, —¢,<dy—d,_ | < b,
—b,_,=a —a, and d, —d,,, <dy,—d, ,<b,—b;,_,=b,—b,,,. Conse-
quently, a, <c;and b,,, <d,,,andsoZ < Y. Nowletmbeoddandi=m — 1 or
m. Then ¢, —¢;,, <dy—d,<b,—b,=a,—a,,,and d, —d, <d,—d,_, < b,
—b,_, = b, — b,. Since a; <c¢, and b, < d,, it follows thata,, | <c;,, and b, <d,.
Thus we have again Z < Y.

Case 4: ¢, = +, m =2, and X B2g,. Clearly X" # 0, and let g, = g2(k) be a
gene of X with k minimal subject to k > m. Note that g, = g*(m) wheree = (-1)""".

Let first e, = —e. Then we define a [I-mutation X - Zby g, + g, » g(k + 1) +
g f(m — 1). As in Case 3 we have a,, <c, and b, <d,. Let m be even and
m<i<k— 1 Forievenwehaved, —d,,, <d,—d,<b,—b,=b,—b,,,,and
for i odd

di—d <d —dy<c,—c¢ <a,—a —1

=b, ~ b, 1=a, = a,,, =b — by,

m m 1

Since b,, < d,,, we obtain b, <d,(m < i< k), and so Z < Y. Now let m be odd and
m < i<k — 1. Forieven we have

C:

:_Ci+|<c0_"1<ao_al_l:am—l_am_]:bm_bm+|:a'—ai+n

1
and foriodd ¢, — ¢y, <c¢,—c¢,<dy—d, <by— b, =a,—a,, Sincea, <c,,
we obtain a, < ¢;(m < i < k), and so we have again Z < Y.
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Now let e, = ¢ and let kK — m be even. Then we define a II-mutation X — Z by
g + 8 — g(k+2)+ gi(m—2). As in Case 3 we have a,,_, <c,_,, a, <c,,
b,<d,and,if m>20b, <d, ,. Letmbeevenand m<i<k — 1. Forieven
we have

GG Sc-a<a—a - 1=a,—a,,,=a—a;,,

and forioddc,— ¢y, <c¢, —c;<dy—d,<by— b, =a;— a,,,. It follows that
a;<c,form — 1 <i<k. Theproof of b <d,(m < i<k + 1) is the same as when
¢, = —¢ except that one has to use also the equality a,_, — a, = b, — b, |. Thus
Z<Y. Now let m be odd and m<i<k — 1. For i even we have

d,—d;.,<dy—d <by— b, =b,— b, and foriodd

di—di <cg—¢c<ay—a —1=b, = b, =b—b,,.
Thus b, < d, form — 1 <i < k. The proof of a, < ¢, (m < i < k + 1) is the same as
when &, = —¢ except that one has to use also the equality b,_, — b, =a, —a,,.

Hence again Z < Y.

Finally let ¢, = € and let Kk — m be odd. Then we define the II-mutation X — Z by
g t+ 8 — g(k+ 1)+ g«(m — 1). The proof of Z < Y is the same as when k — m
is even.

This completes the Case 4 and exhausts all possibilities when a, < c,. If b, <d,
then by interchanging positive and negative charges in both X and Y, we reduce this
case to the case a; < ¢,. In view of (15.9) this completes the proof.

16. The cases ® = (II, A) or (A, IT). We shall treat the two cases simultaneously.
All mutations in this proof are understood to be ®-mutations. Let X, Y € ®(n) and
X < Y. We shall show that there exists a mutation X — Z such that Z < Y. The
proof is by induction on n. For n = 0, 1 the assertion is vacuously true, so let n > 1.
We shall write sig X = (a,, b,), sign Y = (¢;, d,), r, = a; + b;, s, = ¢; + d,. Since
X <Y, we have (a,, b,) <(c,, d;) for all i. Since a, + by = n = ¢, + d,, we have
a, = coand by, = d,. If ® = (A, IT) (resp., ® = (II, A)) then a, = b, and ¢, = d, for
i odd (resp., i even), and a,, b,, ¢;, d, are integers for i even (resp. i odd). As in the
previous section we may assume that X and Y are disjoint. In view of the lifting
property and our induction hypothesis, we may assume (and we do) that

(16.1) YO £0&i=1=r<s,.

Assume that X D g* (m) + g (m) for some m. We define the mutation X — Z by
g (m)+g(m)—gim—1)+ g(m+1). Since X and Y are disjoint, we have
Y™ 5 0. Then (16.1) implies that r, <s,,, and consequently Z < Y. Hence from
now on we may assume that X 2 g* (m) + g=(m), m > 1.

Next assume that X D 2g(m) for some m. Since X and Y are disjoint and X < Y,
we have Y™ 0. By (16.1) we have a,, <c, orb, <d,. Then we have X > Z< Y
where the mutation X - Z is defined by 2g(m) - g¢(m — 1) +
g(m+ 1) e=+ifa, <c,and e = — if a,, = c,,. Without loss of generality we
assume from now on that X 22g(m), m = 1.

From now on let g, be a gene of X of minimum rank r(g,) = m.
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When g, is nonpolarized we denote by g, a gene of X — g, of minimum
rank r(g,) = k. Since g, = g(m) and X 22g(m), we have m < k. Then we dis-
tinguish two cases.

Case 1: g, = g(k). By (16.1) r,, <s,,and so a,, <c,, or b, <d,,. By switching +
and — charges in all polarized genes of X and Y (if necessary) we may assume that
a, <c,. lIfi—misevenand m <i <k — 2 then

G = C S8 =S Sso— s S l=rn—r=a—a;,

Since a,, < c,,, these inequalities imply that a, <¢; for m <j < k. Hence we have
X —» Z < Y, where X — Z is defined by g(m) + g(k) g (m—1D+gtk+1).
Case 2: g, is polarized. Without loss of generality we may assume that g, = g* (k).
Ifi—misevenand m<i<k—3thend, —d, ,<s, — 8, <S8 <rp—r
—1=r—r,, =b —b,, If m=2wehave
m 2 d <5

and so b, <d,. Thusif m=2orif m =1 and b, <d,, it follows that b, < d, for
m<j<k— 1. Under these conditions we have X - Z <Y, where X - Z is
defined by g(m) + g" (k) - g"*(m — 1)+ g(k + 1). Now let m = 1 and b, = d,.
Then ¢, —a, =s, —r, =1 and consequently X — g, — g, must contain either a
negative or a nonpolarized gene. Let g; be such a gene of minimal rank r(g;) = ¢. If
iisevenand 2 <i <t — | then

i

m=2 " Sm—1 <SO—Sl <rO—rl = Tn—2 7 T :bm—Z —bm~l’

= S~ <ay—a, —1<b —by,=a,—ay=---=a,—a;,,.

Hence a; <¢; for 1 <j <1 If 1 is even then g; = g°(1) and we have X - Z <Y,
with X - Z defmed by g, + g5 =gk — 1)+ g(t + 1). If 1 is odd then g; = g(¢)
and we have X - Z < Y, with X - Z defined by g, + g; > g(k — 1) + g* (+ + 1).
Now assume that g, is polarized. Without any loss of generality we assume that
g, = g* (m). We now distinguish several cases.
Case 3: m = 3. We have
Conml ~ Contt S8y T8 SS9 TS SH T = Ay T Ay
d —d —b,_1»
andsoa,,, <c,.,and b, ,<d, ,.If XD 2g, then we have X - Z < Y, where
X — Z is defined by 2g, - g"(m — 2) + g* (m + 2). We may now assume that
X D2g,, and let g, be a gene of X — g, of minimal rank r(g,) = k. If i — m is odd

m—3 Ml S8y T Sy 2SS 85, <r—r =5, ;

andm+ 1<is<k—2 wehavec,— ¢, <5 — 5., <5y~ s,<r0 rn—1=r
—ri41 = a;— a;;,. It follows that a; <c¢, for m<j<k. If g, = g" (k) we also
obtain by the same argument that ¢, | —¢;,, <a,_, —a,,.,and a,,, <c¢, . If

i—misoddand m — 1 <i< k — 2, we have
d—d ,<s;— 5., Ssg— 8, Srg—r—1=r,, — =b,— b,

Since b,,_, <d,_,, we infer that b, <d, for m —1<j<k. Hence we have
X - Z <Y, where X —» Z is defined by

g tg—gm—1)+g"(k+1) ifg,=g(k);
g tg—glm—1)+glk+1) ifg,=g(k);
g tg—-g (m—2)+g"(k+2) ifg,=g" (k).

Tiva
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Cased:m=2.8Sincec, —¢c; <8, — 5, <8, — 8§, <rp—r,=a, —asanda, <c,
we have a, < ¢;. If b, < d, then we can proceed exactly as in Case 1. Thus we may
assume that b, = d,, and so a; < ¢,. Then X contains a negative or a nonpolarized
gene. Let g, be such a gene of minimal rank r(g,) = k. Ifiisevenand2 <i<k — 1,
we have a,—a,,, =b,_, —b;= ---=ay—a, >cy—c =c, — ¢y, Hence
a;<c;forl <j<kandwehave X - Z <Y, where X — Z is defined by

g1 tg—g(l) +g" (k+1) ifg,=g(k);
gt 8 —g(l) +glk+1) ifg, =g (k).
Case 5: m = 1. We have now a, = b, < ¢, = d,. Therefore X contains a negative

or a nonpolarized gene. Let g, be such a gene of minimal rank r(g,) = k. If i is even
and 2 < < k then

a_,—a;=b_,—b_,=--=b—b>dy—d =c,—c;= - =¢_, —¢.

It follows that a; <¢, for 1 <j<k. Then we have X - Z <Y, where X~ Z is
defined by

g t+tg g (k+1) ifg,=g(k);
g,+g2—’g(k+1) if32:g~(k)-

17. The cases ® = (I[,2A) or (2A, II). All mutations in this proof will be
®-mutations. We treat the two cases simultaneously. Let X, Y € ®(n) and X < Y.
We have to show that there exists a mutation X — Z such that Z < Y. We use
induction on n. If n = 0,1 then the assertion is vacuously true; so let n > 1. Let
(a;, b)) = sig X and (c;, d;) = sig Y, and let r, = @, + b,, 5, = ¢, + d,. Note that
(a;, b)) <(c; d,), ry=n=s, and a, = ¢y, by, = d,. Furthermore, if ® = (2A, IT)
then a, = b, and ¢; = d, for i odd, while if ® = (II,2A) then a; = b, and ¢; = d, for i
even.

As in §16 we may assume that X and Y are disjoint. In view of the lifting property
we may also assume that

(17.1) YO #0&i=1=r<s,.

Assume that X D 2g(m) for some m. Since X and Y are disjoint and X < Y, we
have Y %0 and by (17.1) a,,<c,, or b, <d,. Define X - Z by 2g(m) —
gm+ 1)+ g %(m—1) where e= + if q,<c, and ¢ = — if a, = c,. Then
Z < Y. Hence from now on we may assume (and we do) that X is polarized.

Hence all inequalities (15.2)-(15.7) are valid. By replacing each nonpolarized pair
2g(m) in Y by g*(m)+ g (m) we obtain a polarization U of Y. Since
sig U = (c,, d,), it follows that the ¢,’s and the d,’s satisfy the analogs of the
inequalities (15.2)-(15.7). In the sequel we shall use freely these inequalities without
explicit reference to them.

Let us assume that X D g* (m) + g (m) for some m. Assume also that m is
minimal with respect to this property. Since Y™ # 0 and s,, and r,, are even, it
follows from (17.1) that s, — r,, = 2.

If XD2g"(m)+2g(m) then X > Z<Y where X - Z is defined by
287 (m) +2g°(m) - 2g(m— 1)+ 2g(m + 1).
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Now let X D 2g°(m) + g (m) and X D2g *(m). By switching + and — signs in
X and Y (if necessary) we may assume that e = +. If Y™ *D 5£ (0 we can choose ¢,
so that ro(X™* D)y < re(Y(™*D) Then X - Z <Y where X — Z is defined by
2gt(m) + g (m) > 2g(m — 1) + go(m + 2). Now let Y"*D = 0. Since X and Y

are disjoint and X < Y, we have Y D 2g(m + 1), and so b,, , =1 <d,_,. Then
X—>Z<Y where X— Z is defined by 2g"(m)+g(m)—>g"(m—2)+
2g(m + 1).

Now let m=>2, X B2g*(m), and X A2g (m). Then a,,_,
d,,_,. Without any loss of generality we may assume that b,, | <d,_,. If b, ., <
d,., then X - Z<Y with X > Z defined by g*(m)+ g (m)—->g"(m—2)+
g (m+2).Nowletb,,, =d, . Thena, ,—a,—1=b,—b,,,=b,—d, <
d,—d,, <c,,—¢c, and soc,  —a, >(,—a,—1=0 If g, <
Cn+y then X = Z < Y where X — Z is defined by g* (m) + g"(m) > g(m —2) +
g " (m+2). Now let also a,,,, = c,,,- Then by (17.1) Y"*Y =0, and so Y D
2g(m + 1). Let g°(k) be a gene of X — g* (m) — g*(m) of maximal rank. Clearly
k < m and, by minimality of m, X 2 g*(k). This implies that k = 2. Then we have
X > Z<Y where X - Z is defined by g (k) + g* (m) + g=(m) - g(k — 2) +
2g(m + 1).

Finally let m = 1, X A2g" (1), and X A2g(1). Then Y has no genes of rank one.
Thus X — g* (1) — g~ (1) is nonempty, and let g°(k) be its gene of minimal rank.
Without loss of generality we may assume (and we do) that e = +. We have

<c,_, or b <

m—1

ay—a,=by—b,=rp—r—1>s,—s5, =cy—c,=dy— d,,
andsoa, <c,and b, <d,.Ifiisevenand 2 <i < k — 3, then

— — — — _ — . — > _
A=Ay == hy = =1 = 2250782575, =¢ 7 Cy.

bi=biy=r—r, =5, —s,,=d —d,,,,

and consequently a; < c;and b, < d, for 1 < < k.

If XD g(k) then we have X - Z <Y, where X - Z 1is defined by
g () +g (1) +g'(k)+gi(k)—2gk + 1)

Otherwise we have

A | T T hey T T R T T 22807 8 2 Gy T G
and so a,,, <c¢.,,- Now we have X - Z <Y where X - Z is defined by
g +g()+g (k)—g (k+2.

Hence from now on we may assume (and we do) that X 2 g* (m) + g~(m),
m=1,

In the remaining part of the proof let m be the minimum rank of a gene of X. We
assume (as we may) that X D g" (m), and consequently X B g (m). We now
distinguish several cases.

Case l: m=3.Froma,, ,—a,,,="l, | —F, =l —FHn>85—$=5,,—35,
1~ Cmerandb, s—b, \=rg—r,>s,—s =d, ;—d,_, itfollows that
a,y <Cnsy and b, <d, . If XD2g" (m) then we have X - Z < Y where
X — Z is defined by 2g*(m) - g*(m —2) + g*(m + 2). Now assume that X
22g*(m) and let gf(k) be a gene of X — g*(m) of minimum rank. Clearly

=
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k=m+2 Ifi—misodd and m + 1 <i<k — 3 then
;=@ =L~ == T 12850785 Z8 785,267 Gy

If e = + this is also valid for i = k — 1. Since a,,,, <c,,,,, we conclude that
a;<c; holds for m<j <k and also for j=k + 1if e = +. If i — m is odd and
m—1<i<k—3 then b, — b, =r,—r —1=sy —s5,=d, —d;,. If
¢ = — this is also valid for i = k — 1. Since b,,_, <d,,_,, we conclude that b; <d,
holds form — 1 <j< kandalsoforj=k + life = —. Hencewehave X - Z < Y
where X — Z is defined by g* (m) + g®(k) » g+ (m — 2) + gt(k + 2).

Case 2: m=2.8Ince a, —a;=r —r=r,—rn>S8 =S5 =8 —53C —
and a, < ¢, we have a; < ¢;. If b; < d, we can proceed exactly as in Case 1. Thus
we may assume that b, = d|, and consequently a, < c,. It follows that X D g7(k)
for some k. Clearly k = 4 and we may assume that k is minimal. If i is even and

2<is<k— 2wehave

a,—a=b_,—b=-=ay—a;>c,— ¢ =¢ = Cyys

and so ¢, —a,.; >¢;—a; =1 Hence ¢; —a; =2 for j odd satisfying
3<j<k-—11fa, ., <c., then we have X — Z < Y where X — Z is defined by
gt ) +g(k)-g"(k+2).Nowleta,,, = c,,,. Since
by = by =ag—a; > 0B T G T O T gy T A T gy

we have X D 2g7 (k). Now we have X - Z<Y where X - Z is defined by
g7 () +2g7(k) - 2g(k + 1).

Case3: m=1and X D 2g" (1). Since a, = b, < ¢, = d,, we have X D g™ (k) for
some k. Assume that k is minimal; of course k = 3. If iisevenand 2 <i< k — 1 we
have

a_y—a;=b_,=b_ = -=b—b>dy—dZc;—c;=-=¢, ¢,
andsoc,—a,>c,_,—a,_,=1,¢,—a;,=2. 1Ifa,,, <c,,, then we have X - Z
< Y where X — Zis defined by 2g* (1) + g (k) - g (k + 2). Nowleta, ., = ¢, , .
Since b, = b, =by— b >dy—d =, iy T €T Upy ) > Ay, We

have X D 2g (k). Thus we have X » Z < Y where X — Z is defined by 2g* (1) +
2g7 (k) - 2g(k + 1).
Case 4: m = 1and X 22g" (1). Since s, — r, =2, we have r, — r, =5, — 5, + 2.
In particular, X has at least three genes. Let us write
X=g"(1)+ g(k) +g9(¢) + X,, 3<ksu,
where X, € ® has no genes of rank less than ¢. We define a mutation X - Z by
g(k) +g"(1) » gk —2) +gn(t +2).

We have
Gy =G Ty TR Z T T 1> 5T
=83 T Sk = 3 T Gy
by_y—by_ =r o == 1>5— 5
S 3 S =d_ 3 —dyy,

andsoa, ,<c,_,andb,_, <d,_,.
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If kK = t we have ¢, = &. Then
re(X*D — XKDy = —r=rg—r — 1>5,— 5,
=5, — s, = (Y% — Yyt

Since r{(X* ™) < rqY*~D) we infer that also r4(X** D) < r¢(Y**D) and so
Z<Y.

Nowlet k <t Leti — kbeoddand k — 1 <i<t¢ — 3. Then
A=Ay 2 N TR TN T 2Z 80 TS =S TS 2T Gy,
b= b, =r—ny=d, —d,.
If e, = +then by the same argument we find thata, | —a,,, =c¢,_, — ¢,,,, while
ife;, = —weobtainb,_, —b,,,=d,_ |, —d,, . Sincea,_, <c,_,and b,_, <d,_,,
these inequalities imply that Z < Y.

This completes the proof of Theorem 6.
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